Abstract. Let X be a subgroup of a Coxeter group W . In [5] , the authors developed the notion of X-posets, which are defined on certain equivalence classes of the (right) cosets of X in W . These posets can be thought of as a generalization of the well-known Bruhat order of W . This article provides a catalogue of all the X-posets for various small Coxeter groups.
INTRODUCTION
Suppose that W is a Coxeter group and let X be a subgroup of W . Then, in [5] , the authors introduced and began the investigation of X-posets, which are defined on certain equivalence classes of the (right) cosets of X in W . The special case when X is the trivial subgroup yields the well known, and important, Bruhat order [6] . While taking X to be a standard parabolic subgroup of W delivers us the (generalized) Bruhat order defined on the cosets in W of that standard parabolic subgroup [3] . The study of X-posets is in its infancy and will benefit greatly from a well organized collection of examples. The aim here is to provide a catalogue of all the X-posets for various small Coxeter groups. Specifically we look at the Coxeter groups of type A 2 , A 3 , A 4 , A 5 , B 2 , B 3 and D 4 .
We now describe X-posets in more detail as well as establishing our notation and briefly recapping some basic facts about Coxeter groups. Assume that W is a finite Coxeter group with X a subgroup of W . Then, by definition, W has a presentation For r, s ∈ R we also define r · α s = α s − 2 α r , α s α r .
This extends to give an action of W which is faithful and respects ·, · (see [6] ). The root system Φ (of W ) is the following subset of V Φ = {w · α r | r ∈ R, w ∈ W }, with Φ + = { r∈R λ r α r ∈ Φ | λ r ≥ 0 for all r ∈ R} and Φ − = −Φ + being, respectively, the positive and negative roots of Φ. As is well-known Φ = Φ We call l(Y ) the Coxeter length of Y . This is a generalization of the usual length function in Coxeter groups, first defined in [7] . For right cosets Xg and Xh of X we write Xg ∼ Xh whenever Xgt = Xh for some t ∈ Ref(W ) and Xg and Xh have the same Coxeter length. Let ≈ be the equivalence relation generated by ∼ on the set of right cosets of X in W and let X be the set of ≈ equivalence classes. (We remark that our choice of right, as opposed to left, cosets is due to the fact that W acts on the right of Φ -see [5] for more on this.) Now let x, x ∈ X. We write x x if there is a right coset Xg in x and a right coset Xh in x such that Xgt = Xh for some t ∈ Ref(W ) and l(Xg) < l(Xh). The partial order on X is defined by x ≺ x if and only if there exist x 1 , . . ., x m ∈ X such that x x 1 . . . x m x and we call X the X-poset (of W ). A standard parabolic subgroup of W is a subgroup generated by S where S ⊆ R and is usually denoted by W S . The (generalized) Bruhat order defined on the cosets of W S will be denoted by B(W S ). Any conjugate of a standard parabolic subgroup is called a parabolic subgroup of W . For X ≤ W let X sp denote the standard parabolic closure of X which is the intersection of all standard parabolic subgroups of W containing X. The following three results from [5] have a bearing on our calculations here. Accompanying each Coxeter group of rank n is its Coxeter graph with the nodes labelled {1, . . ., n} (in one-to-one correspondence with elements R). Let R = {r 1 , . . ., r n }. To compress our tabular information in Section 2 when giving elements of W we suppress the symbol "r"; so, for example, for W of type A 4 instead of r 1 r 2 r 4 r 3 we shall write [1243] . We use Z m , 2 m , Dih(m), Alt(m), Sym(m) to denote, respectively, the cyclic group of order m, the elementary abelian group of order 2 m , the dihedral group of order m, the alternating group of degree m and the symmetric group of degree m.
Our next section describes the structure of various X-posets -this information was obtained with the assistance of Magma [2] . Our third section draws some lessons from these examples.
X-POSETS FOR SMALL COXETER GROUPS
In compiling the data below on X-posets where X ≤ W , we take the view that the (generalized) Bruhat order on cosets of a standard parabolic subgroup is "known". Thus, because of Theorem 1.2, we only need concern ourselves with subgroups contained in parabolic subgroups of W . Also Theorem 1.1 tells us that we can ignore any X for which N (X) = N ( X sp ).
For m ∈ N, C m will denote the totally ordered set with m elements -C m is sometimes called the m-chain poset. In the posets presented in the figures below we have only joined x 1 and x 2 (where x 1 , x 2 ∈ X) if x 1 ≺ x 2 and l(x 2 ) = l(x 1 ) + 1. For x ∈ X the length of x, l(x) is defined to be l(Xg) where Xg is any coset in xclearly l(x) is well defined. Also, in these figures we have indicated on the right-hand side the lengths of the poset elements. Here we cover the Coxeter groups of type A 2 , A 3 , A 4 , A 5 , B 2 , B 3 and D 4 . An example of an X-poset for type F 4 is given in [4] .
. For X ≤ W , either X ∼ = B( X sp ) or one of the following holds:-
Next we look at the case when W is of type A 5 -so we have the Coxeter diagram:
. In (2.4) we first list the subgroups X which are contained in W 1234 and whose poset is not of the form B( X sp ) (note that these are given in the same order as in (2.3)). Then we consider similar subgroups of W 1235 (which is of type A 3 × A 1 ). Let X 123 , respectively X 5 , denote the projection of X in W 123 , respectively W 5 . If the X 123 -poset in W 123 is B( X 123 sp ), and the A number of X-posets we encounter when W is of type A 5 have quite a large number of elements -too large to draw a comprehensible lattice. To describe these larger posets we use the following scheme. For i ∈ N and X-poset X we set X i = {x ∈ X | l(x) = i}. If |X| = t, then we will label the elements of X by 1, 2, . . ., t. In A 5 (vii), A 5 (viii), A 5 (ix) and A 5 (x), for each non-empty X i and i < |Φ + | we give the element x of X i followed by the set of all elements y in X i+1 , with the property that x ≺ y. So, for example, in A 5 (vii) we see that X 7 = {8, 9, 10, 11, 12, 13} and that the element 8 is less than 14 and 16, the element 9 is less than 14, 15, 17, and so on. One further point, we may reduce our computational labours by using Theorem 1. [4] ).
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Möbius Functions
It was first shown by Deodhar [3] that the Möbius function of the Bruhat order of any Coxeter group takes values -1, 1. Generalized quotients, introduced by Björner and Wachs [1] and having the Bruhat order of a Coxeter group as a special case, have 
Odd and even elements in intervals
In any interval of the Bruhat order of a Coxeter group there are the same number of odd (length) elements as there are even (length) elements [6] . This property is not shared by X-posets. For example in A 4 (ii) the interval between (and including) x 1 and x 3 has two even elements and only one odd element (as a more substantial example take the interval between x 1 and x 4 ).
X-posets in standard parabolic subgroups
Suppose that X is a subgroup of Y where Y is a standard parabolic subgroup of W . Let X Y be the X-poset in Y . Then there are a number of connections between X Y and X (see [5] ) Does X Y exert even greater control upon the structure of X? The answer appears to be a resounding no. Looking at (2.3) and (2.4) 
